We study the parametric description of the city size distribution of four European countries: France, Germany, Italy and Spain. The parametric models used are the lognormal, the double Pareto lognormal, the normal-Box-Cox (defined in this paper) and the threshold double Pareto Singh-Maddala (introduced in a cited recent paper when studying US city size).
Introduction
The study of city size distribution has been, since the contribution of Zipf (1949) , of great importance in the field of Urban Economics. The so-called Zipf distribution, or the slightly more general form of Pareto distribution, has been extensively studied by many authors, we recall here, e.g., Black and Henderson (2003) , Ioannides and Overman (2003) , Soo (2005) , Anderson and Ge (2005) and Bosker et al. (2008) . More specifically, in recent times have appeared the important contributions of Eeckhout (2004) , Giesen et al. (2010) and Ioannides and Skouras (2013) . The first of these references introduces the need of considering the whole sample of cities when studying their size distribution, and proposes the lognormal distribution (see also Parr and Suzuki (1973) ). The second continues a line of research initiated by Reed (2001 Reed ( , 2002 Reed ( , 2003 ; Reed and Jorgensen (2004) in which it is introduced the so-called double Pareto lognormal (dPln) distribution in the study of city size. This distribution has Pareto tails mixed (by means of a convolution) with a lognormal body and offers a good fit to the data, see Giesen et al. (2010) and also González-Val et al. (2013c) . In turn, Ioannides and Skouras (2013) propose two distributions which have lognormal body and, above a certain exact threshold, a Pareto upper tail mixed or not (by means of a linear combination) with the lognormal. These two recently proposed distributions still do not outperform the dPln for US places in the year 2000, as Giesen and Suedekum (2013) indicate. In order to reconcile both tendencies, the recent work of Ramos et al. (2014) studies the US city size distribution with three types of data (incorporated, all places and CCA clusters), comparing the previously mentioned distributions and newly introduced ones. One of the main results of this last paper is that the parametric description of the size distribution of US places can be safely taken as a new one, called "threshold double Pareto Singh-Maddala" (tdPSM) , which is a distribution with Pareto behavior in the lower and upper tails, and Singh-Maddala body. The transition between the tails and the body takes place at two exact thresholds, to be determined endogenously by the maximum likelihood (ML) estimation procedure. The new tdPSM greatly outperforms the lognormal, the dPln, and the distributions of Ioannides and Skouras (2013) in the case of US places.
In the previous articles of González-Val et al. (2013a,c) it has been used city population data of France, Italy and Spain without size restriction. In turn, Schluter and Trede (2013) use a dataset of all German municipalities or Gemeinden and propose a composition of the normal distribution with a Box-Cox transformation of the population data, with apparently quite good results. This will lead to a distribution which we will call normal-Box-Cox (nBC), to be defined below.
Thus it is our aim in this article to compare the lognormal, the dPln, the nBC and the tdPSM distributions for, generally decennial, samples of city size data of France, Germany, Italy and Spain without size restriction. The main results, which we advance here, is that the tdPSM is the preferred distribution almost always, and is a model clearly not rejected by the statistical tests we use below. Also, we obtain that the dPln is not rejected always in the case of France 1990-2009 and is very accurate as well in the parametric description of the size of Italian comuni in the period 1901-2011. We obtain thus a strong result: the parametric distribution of the city size of these four 1 European countries can be taken as the same as that of US places, namely the tdPSM. In all cases, the Pareto nature of the two tails seems to be an essential feature to be taken into account.
We will rely heavily on the previous paper of Ramos et al. (2014) so, for the sake of brevity and in order to avoid excessive repetitions, we will concentrate on the new results. The rest of the paper is organized as follows. Section 2 describes the databases used in this paper. Section 3 shows the definitions and main properties of the four distributions studied. Section 4 shows the detailed results, country by country. Finally, Section 5 concludes.
The databases
In this article we use population data, without size restriction, of four European countries: France, Germany, Italy and Spain.
For the case of France, as in González-Val et al. (2013a) , we consider the lowest spatial subdivision, the communes, as listed by the Institut national de la statistique et desétudeséconomiques (www.insee.fr). We have data for the years 1990, 1999 and 2009 . Note that Giesen and Suedekum (2012) use this kind of data for the year 2008.
For the case of Germany, Italy and Spain, the administrative urban unit of the data is the municipality (Gemeinden for the case of Germany). For Germany, we take data from two sources. The first is the data used in Schluter and Trede (2013) , which has been kindly provided to us by Prof. Trede (the original source is the Federal German Statistical Office). We take the data of the years 1996 and 2006 in order to comprise a decennial period similarly to the data of the other considered countries. The second source is, directly, the cited statistical office through its web page www.Destatis.de. We use the data of the last available year 2011 for comparison purposes. For Italy, the data is obtained from the Istituto Nazionale di Statistica (www.istat.it), with all the Italian municipalities (comuni) for the period 1901-2011. We have used the Italian census for 1936 instead of 1941 because of the participation of Italy in the Second World War. The data for Spain is taken from the Instituto Nacional de Estadística (www.ine.es). They cover all the municipalities (municipios) along the period 1900-2010.
[ Table 1 near here] We offer in Table 1 the descriptive statistics of the used data for France, Germany, Italy and Spain. The information for Italy and Spain is the same as that in Table 1 of González-Val et al. (2013c) .
Description of the distributions used
In this section we will introduce the distributions used along this paper.
The lognormal distribution (lgn)
The well-known lognormal (lgn) distribution for the population of cities have been proposed in the field of Urban Economics by Parr and Suzuki (1973) and afterwards by Eeckhout (2004) when considering all the cities. The corresponding density is simply
where µ, σ > 0 are respectively the mean and the standard deviation of ln x. This is the first distribution we will consider in this study.
The double Pareto lognormal distribution (dPln)
The second distribution in our study will be the double Pareto lognormal distribution (dPln), introduced by (Reed, 2002 (Reed, , 2003 Reed and Jorgensen, 2004) :
where erf is the error function associated to the normal distribution and α, β, µ, σ > 0 are the four parameters of the distribution. It has the property that it approximates different power laws in each of its two tails:
β−1 when x → 0, hence the name of double Pareto. The body is approximately lognormal, although it is not possible to exactly delineate the switch between the lognormal and the Pareto behaviors (Giesen et al., 2010) . In this last reference it is shown that the dPln offers a good fit for a number of countries. In this line, see also the work González-Val et al. (2013c). 3.3 The normal- Box-Cox (nBC) In the article of Schluter and Trede (2013) it has been proposed the idea of composing the normal distribution with the well-known Box-Cox transformation for German city data. We include the distribution so obtained (normal-Box-Cox, nBC) in our study because it turns out that the nBC provides good results in the case of Germany.
The Box-Cox transformation is given by the well-known expression (Box and Cox, 1964) 
The composition with the normal will be g
is the derivative of g λ (x) with respect to x and
is the normal density function. The case with λ = 0 leads to the lognormal, introduced in Subsection 3.1 and treated separately. Thus, for the case of λ ̸ = 0 we define the normal-Box-Cox (nBC) as the density
which has support x ∈ (0, ∞). The quantities µ and σ are, respectively, the mean and standard deviation of
The threshold double Pareto Singh-Maddala (tdPSM)
We recall here a distribution introduced in Ramos et al. (2014) when studying US city size, the so-called therein "threshold double Pareto Singh-Maddala" (tdPSM) . It provided the best results, amongst the studied parametric distributions, for US places and in principle, it is our best candidate in the current study. The characteristics of this distribution are that the lower and upper tails are Pareto and the body is SinghMaddala. The switch between the tails and the body occurs at two exact thresholds: ϵ > 0 separates the lower tail from the body, and τ > ϵ the body from the upper tail. The specific description is as follows. We first define the building block distributions, setting
The f SM is the Singh-Maddala density (Singh and Maddala, 1976) , and the corresponding µ, σ > 0 are related to the mean and standard deviation of ln x. 1 The function u(x, ζ) will model the Pareto part of the upper tail of our distribution and ζ > 0 is the Pareto exponent, and l(x, ρ) corresponds to the Pareto lower tail, being ρ > 1 the power law exponent. The functions u, l are not normalized at this stage according to the practice of Ioannides and Skouras (2013) .
Imposing continuity at the threshold points and overall normalization to unity, the composite resulting density is (see Ramos et al. (2014) for details):
where
This distribution depends on seven parameters (ρ, ϵ, µ, σ, α, τ, ζ) to be estimated.
Results
For the sake of brevity, we will present the results country by country, and refer to Ramos et al. (2014) for a more detailed explanation of the maximum log-likelihood (ML) estimation, Kolmogorov-Smirnov (KS) and Cramér-Von Mises (CM) tests and AIC, BIC information criteria.
Results for France
We show in Table 2 the ML estimators of the studied distributions for the 1990, 1999 and 2009 French samples of communes. For the lognormal (lgn) the ML estimators are exact and equal to the mean and standard deviation of the log-population data. For the other three distributions (dPln, nBC and tdPSM) we provide the ML estimators and 95% confidence intervals. 2 The estimations appear to be rather precise in all cases.
[ Table 2 near here] In Table 3 we show the results of the KS and CM tests for the hypothesized distributions. These two tests are very powerful when the sample size is high or very high (Razali and Wah, 2011) as in our French samples, and non-rejections only occur if the deviations (statistics) are really small. We observe that the lgn is strongly rejected in all cases, and the nBC is rejected always as well, although with lower values of the tests' statistics. In turn, the dPln is not rejected by both tests 100% of the cases. And the tdPSM is not rejected always, too. The tests' statistics are always slightly lower for the tdPSM than for the dPln. According to these tests, the French communes size distribution can be taken as the excellent dPln, or even better, as the tdPSM. The excellent fit of the dPln for the French communes in the year 2008 has been anticipated by Giesen and Suedekum (2012) .
[ Table 3 near here] In order to choose one of the hypothesized models according to information criteria, we show in Table 4 the results of the AIC and BIC, which are specially well suited to the maximum likelihood estimation we have performed before. Both of AIC and BIC favour the distribution with greater maximum likelihood, but there is a penalty for the number of parameters used in the distribution. The distribution with lowest AIC and/or BIC is preferred.
[ Table 4 near here] For the case of the French samples we observe that the lgn obtains always the greatest values of AIC and BIC, and that the lowest AIC and BIC occurs for the tdPSM in all cases. This result, jointly with the outcomes of the KS and CM tests yields that the French communes size distribution, can be very well described parametrically by our tdPSM, outperforming the dPln.
Results for Germany
We carry on now a similar analysis for our 1996, 2006, 2011 German samples of Gemeinden. First, we show in Table 5 the estimation results. The estimations are rather precise in this case as well. The obtained estimations of the parameter λ for the years 1996 and 2006 are consistent with the results of Schluter and Trede (2013) .
[ Table 5 near here] In Table 6 we show the results of the KS and CM tests. The lgn, dPln and nBC are (strongly) rejected in all cases. In contrast, the tdPSM is not rejected always, with values of the tests' statistics really small.
[ Table 6 near here] The results of the AIC and BIC information criteria are shown in Table 7 . The lgn is the less preferred distribution always. Note as well that the nBC is preferred always to the dPln for the German samples. However, it is shown clearly that the preferred model (out of those studied in this paper) is the tdPSM in all instances and by both information criteria. Jointly with the results of the KS and CM tests, we conclude that the German city size distribution of Gemeinden, without size restriction, can be safely taken as the tdPSM.
[ Table 7 near here]
Results for Italy
We have performed as well the ML estimation of the Italian samples of comuni in the period 1901-2011. The results are not shown here for the sake of brevity but are available from the authors upon request. We concentrate on the statistical tests and information criteria.
In Table 8 we show the results of the KS and CM tests for our four hypothesized distributions. The lgn is rejected always except in 2011. The dPln is not rejected always. The nBC is not rejected for the years 1981, 1991, 2001 and 2011 . And the tdPSM is not rejected always as well. The lowest values of the tests' statistics for the dPln and tdPSM alternate over time. Thus, it follows that the dPln and tdPSM are close competitors for the parametric description of Italian comuni size in the period 1901-2011.
[ Table 8 near here] We show in Table 9 the results of the AIC and BIC for the Italian samples. We obtain mixed results: according to the lowest AIC, the tdPSM is the preferred model most of the time (83.33% of the cases). Likewise, according to the lowest BIC, the dPln is the preferred model also 83.33% of the cases. And for both distributions there are two cases in which one or the other is clearly selected (1991, 2001 for the dPln and 1951, 1961 for the tdPSM). In the case of discrepancy of the outcomes of the AIC and BIC information criteria we follow Anderson (2002, 2004) in preferring those of the AIC, based on theoretical and simulation arguments. Thus, for the Italian comuni without size restriction we obtain two excellent competing parametric models: the dPln and the tdPSM, with a preference for the second.
[ Table 9 near here]
Results for Spain
Again, we have estimated the four distributions studied in this paper by ML for the samples of Spanish municipios in the period 1900-2010. The results are not shown for the sake of brevity but are available from the authors upon request. We concentrate on the results of the KS, CM tests and AIC, BIC criteria. We show in Table 10 the results of the KS and CM tests. The lgn and the dPln are strongly rejected always. The nBC is rejected in almost all cases, with the exception of the KS test in 1981. In turn, the tdPSM is not rejected always, and with values of the tests' statistics quite low. The tdPSM reveals itself as a very good model for the Spanish city size.
[ Table 10 near here] In Table 11 we show the values of the AIC and BIC information criteria. The nBC is preferred to the dPln always for the Spanish municipios. And clearly, the preferred distribution is always the tdPSM for the whole period 1900-2010 of these urban units without size restriction. In short, the Spanish city size along the period 1900-2010 can be safely described in a parametric way by the tdPSM.
[ Table 11 near here]
An informal graphical approximation
The use of graphical tools in assessing the fit of parametric distributions to empirical data has certain shortcomings to be taken into account, see, e.g., González-Val et al. (2013b) . In this reference it has been shown that when representing the differences of the empirical and estimated ln(1 − cdf)'s, where cdf is the relevant cumulative density function, an amplification effect of the differences of the cdf's is obtained for the upper tail. A similar effect occurs for the ln(cdf)'s and the lower tail. The amplification effect increases as we approach infinity for the upper tail or zero for the lower tail, and it is difficult to quantify. Also, the goodness-of-fit, as tested by the KS and CM tests, is strongly dependent on the number of observations in the sample. The graphical fit does not take into account, in an essential way, the number of observations.
We offer for completeness in this subsection some graphs corresponding to the studied cases. For France, we have taken the three samples and the best distribution obtained, the tdPSM. For Germany as well we present the graphs of the three samples used and the best parametric model, also the tdPSM. For Italy, we take the sample of 2001 and the corresponding chosen distribution by the information criteria, namely the dPln. For Spain, we take the sample of 1981, in which the tdPSM is specially well suited according to the very low statistics of the KS and CM tests.
For the French samples and the tdPSM the graphical results are also excellent: the fit in the lower tails is remarkable, and in the upper tails as well, maybe except for the biggest communes. For the densities, there are small discrepancies near the mode of the theoretical distributions.
For the German samples and the tdPSM, the lower tails of the 1996 and 2011 samples show slight discrepancies but for 2006 the lower tail fit is remarkable. For the upper tails the fit is visually excellent, and in particular for the four most populated German Gemeinden, namely Berlin, Hamburg, München and Köln, the fit is practically perfect for the three samples. The densities show very slight discrepancies but in a framework of overall excellent fit.
In the Italian case of 2001 and the dPln we observe some slight discrepancies in the lower tail and the six biggest cities in the upper tail deviate slightly from the estimated parametric model. However, the fit of the densities is visually excellent.
For the Spanish sample of 1981 and the tdPSM we observe an excellent fit in the lower tail. The upper tail fit is excellent with the possible exception of the biggest cities and the fit of the densities is remarkable.
In short, the graphical approximation in the selected cases by our formal criteria yields visually excellent fits in all the cases, with very slight discrepancies, if any, at the ends of the lower or upper tails, or at the mode of the theoretical densities.
[ Figure 
Conclusions
In this paper we have used population data corresponding to the lowest spatial subdivision of four European countries: France, Germany, Italy and Spain in different periods of the last and this centuries. We have used the data to study the parametric fit of four density functions: the lognormal (lgn) (Parr and Suzuki, 1973; Eeckhout, 2004) , the double Pareto lognormal (dPln) (Reed, 2001 (Reed, , 2002 (Reed, , 2003 Reed and Jorgensen, 2004) , the normal-Box-Cox (nBC) (Schluter and Trede, 2013 ) and the threshold double Pareto Singh-Maddala (tdPSM) (Ramos et al., 2014) . We have estimated the four density functions by maximum likelihood (ML) for all the samples and have performed Kolmogorov-Smirnov (KS) and Cramér-Von Mises (CM) tests. We have studied as well the distributions according to the AIC and BIC information criteria.
The results are quite regular across different countries and periods. The tdPSM model is clearly the preferred model for the case of France, Germany and Spain, according to the lowest values of AIC and BIC, and the non-rejection of it by both KS and CM tests in the 100% of the cases. However, for France the dPln, although is not the preferred model, is not rejected always by the cited tests. For Italy the results are mixed: both of the dPln and tdPSM are not rejected always 100% of the cases, and according to the lowest AIC, the tdPSM is preferred in most cases. However, if one takes the lowest BIC, the dPln is preferred in most cases. Thus, for Italy the dPln and tdPSM offer quite similar performance, although we prefer the tdPSM according to the lowest values of AIC in case of discrepancy with the outcome of the BIC. As a side result, we have obtained as well that the nBC is always a preferred model to the dPln in the case of German and Spanish samples.
In all cases we see that the tdPSM model is the best studied model or amongst the best studied models (if one admits a preference for the outcomes of the BIC information criterium over the AIC), which conforms a quite strong empirical regularity for these European countries. In Ramos et al. (2014) it is shown that the same model is the one selected (by the same methodology) for the case of US places in the period 1900-2010, which is a surprising strong regularity for countries with, in principle quite different, historical processes of urbanization and different definitions of the urban units under study. The tdPSM implements Pareto upper and lower tails, and this feature seems to be essential in obtaining an excellent overall fit in all of the studied countries.
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